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4 Introduction
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, ft(x»h-u,xn) =0
We deal with solutions of (1) inroots of ani‘éa
G, - multiplicative group of C
Gy = {(xh...,x,,)ed:": X, o X,,¢0}
~ complex algebraic  n-torus
For X =(%,u,X,), 3 --'-(34,...,3,,) e G
5 = (XG5 s Xn )
Torsion points of G, are Pmcs‘Seg the ponts
(wh..., W,), W —roots of am'?
=> We can consider solutions of (1)

(n roots of— Uni"g as {orsfon Poin'fs o-f d;mh
53.["\3 on The Sufvan'e'{g (= Zavisk closed Sufsd)
V('f‘l)'“)‘Ft) ¢ d:r:



Afgeémfc s“‘j”’“P O:F (]:mh ~ Zoansk: closed S’a%mcp
Subtorus ~— irreducible a%cgm:'c Sufgmp
(1142, Rt Lec?

v=| N

Torsion coset — coset wH where

—

H ~ subtorus , W - torsion Foc'nf

Far w = (wh...,wh)

wH = {(w,xl,...,uhx,,) £ 5 SNy H}
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V - su@mrie{:(? O-F d;,:"
A torsion coset C cs maximal o V

EY CeVoand Fc'eV with C EC
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s ofso called (solated torsion Po:‘nf



N(V) — number of maximal torsion

cosets n V

Lang /McQuillan  => N(V) s {nite

dim (V) =4 proved 33,
Lhara, Serre and Tate
dm(V)>1 proved 33, Laurent |

different proof due to
Sarnak and Adamg

Quantitative results
[f V is defined over a numfer field K
Xia

Bombier: and Zannier

N(V) < c(4n [x@I,M)

In general case

n+J) '
3(73)°

Schmidt N(V)< (114)" 2

App’ac‘na a resuld N (V) ¢ (41J) (n+J)
of Evertse



2. Main results

§ € €Iy X, n72, Jdeg(§)=4d

H=n(f) - ﬁarcrmr:pce in G
Ae-f:‘neJ @a, 1?

—”n 1 4 e«f{cc{-u’ve'a, compufable

constants ¢, (n) and Cy(n) $.%.

N(#H) < ¢,(n) d Ca(n)
We ah falre_

3 "
2(n+2)5
Ci(n)=n 3

C(n )= 416'(49'5":'2“-9 )

Conjed:ure: The number of isolated
korsion points  on H({) s founded

by c(n)-vol (F), where ol (4)
is the n-volume of the Newton polytope
of the Polghomia{ 5.

( Ru.rperjc conjectured the found C(n) d, -+ d, |
where d. is the degree a,f X.
e



V - saemne-lg of G Je-fmeJ RJ Polvnomlaﬁ
equaﬁons of +otal Jegree <

Th2 3 e-f{ec{ivelg cOmpm‘aHe. constants
Cy(n) and Cy(n) s.t.

N(V) < ¢3(n) d Cy(n).

We can take e
C3(n) =n (MZ)Z Zcz(.) 1 a6),

Cy(n)= §1 ¢, (i)2" " + 2

n=|

3. lorsion Po:‘nts on Pfane curves
fe Crxt!, y2]
§(x,Y) = a(x, Y)I'I(x ;)
- ~roots of amtj 3 fas no fao-!-ar X It

Beukers and Smgéh :
The cwrve Cc @, defined ‘J § has at
most 21 vol, (4) (solated torsion points
=)

{ferx,Y]

N(C) ¢ 44(ae3(§))°1+ deg (f )



4. Sketch of the proof of Th.4
)

4.1 Transformation

L§E)=7"

5 In‘hrncésbn,

§4 ep
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43 Elimination

Step

Whenw h=2 we afpg the resuft
of  Beukers and S'mg'yx



L.l Transformation step - .
-y | ‘n
X ° xl s xl‘l

F(X)= = a- ?? - lLaurent Polgnomiae_
EZ"

S—S = {-&_6 ¥/ Al a- 7!0} - Suﬂaorf O-FJC
L$) = span, {D(Sg)} -exz?e,;: latbice *
T."(§) - 4 nwnbor of ¢ -dimensional
maximal torsion cesets &l“’:f on 4{({)

e e———

f ey, %] with L($)g Z°

3 crreducible f*e(f[x,h_“,xhj of Jearee
at most  n*(ne)! deg(f) with L(§*) =7 "
Such that

To(5) = deb (L) T£%)
T () < det (L($) T."(5%)

Lemma For any vrreducible Folynomiaf

¥ we May  assume  tlad L) Aas rank n



4.2 Intersection S-leP

T'n 3 Le{ {:GC[X‘)...,X,\] , Nz 2,
be an ivreducible Pof,nomfae with L(§) =7Z"
Then for some m with 4smga™'—4
4 m Polznomio.ls f”..,,-fm 8

(i) dea(d;) < Zdeg(f) . o=, m;

(i) For 4<i<m Hhe Polahomfals

fand £ Have no common -fac{or)-

(ii;) For any torsion coset C 83"”2 on

HE) T £, 4gism, such that
C odso bes on k(f‘-)

For ins’fance, ‘FW‘ 5 € @[’Q J“')XnJ

we c¢an -nke +he Polynomia,_g
g(i Xy, X, )  except of sl +

:F(i x‘l‘z)“':ix:)



43 Elimination s—lep

9, = Resultant (£,4..x,) # 0
g, € L5 NCx,, X, 15 deg(y;) € 2(deg($))”

{"""f;""'o d;r:

D-%H JacZ"': vxeD x7=57
=7 if W(C)cD then ¥(x,.,2,,%,)€C

& Q,- —a
KA“"XR' b w

A=)

:.:> = au{‘omorﬂn's‘m ¢ o.f (Br: s +
Cp € H($y (& s, )
::7 we have
N(v,1,) € N(‘“(j;))' N(ﬂ(:ﬂp(“ X, X))
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