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Transcendence measures via
the Thue—Siegel-Roth—Schmidt method

Boris Adamczewski?
University Lyon 1, France

E-mail: adamczew@math.univ-1lyonl.fr

This talk aims to illustrate the following claim: when a real number is
proved to be transcendental via the Schmidt Subspace Theorem, most of
the time (always?) the proof actually provides a transcendance measure.
We will introduce a new approach based on quantitative statements. This
approach will be used to study how real numbers whose b-adic expansion
has a sublinear complexity fit into Mahler’s classification. Among such
numbers one has, for instance, Sturmian numbers, numbers generated by
finite automata or lacunary series.

DddeKkTuBHBIE OIIEHKN JJisI 0000IIeHHbBIX
rJ100aJIbHBIX COOTHOIINEHUII

T.R. Azamatov

MockoBckuit rocynapcrBennbiit yunsepcuter uM. M. B. Jlomonocosa

E-mail: azamatov@mail.ru

B noknajie paccMOTpeHbI OIEHKH MHOTOYJIEHOB OT 3HadYeHuit F-psinos
B c/Iydae, KOrJla pacCMaTpuBaeMasi TOYKa MPeJICTaBIsIeT COOO psijl, XOPO-
110 TPUOJTIKAEMbIil aJreOpanvIecKuMU IUCIaMU U CXOJAIIUNCS B JTIOOOM B
HeapxXuMeI0BCKI HOPMHUPOBAHHOM T1ojie. [losryueHHbIe OIeHKH TOJTHOCTHIO
3 PEKTUBHBI, T.€. BCE BXOJIAIINE B HUX ITApAMETPhl MOXKHO BBIPDA3UTh Yepe3
mapaMeTpbl KJaaccoB F-psiaoB u cucrembl qudpepeHimaabHbIX YpaBHEHNI,
KOTOPBIM OHU Y/IOBJIETBOPSIIOT.

The report presents lower estimates for polynomials in the values
of F-series in the case when the considered point is a series very well
approximable by algebraic numbers and convergent in any non-archimedean
field. The estimates obtained are totally effective, i.e., they can be explicitly
expressed in terms of the class parameters and the parameters of the
corresponding system of differential equations.

I This is a joint work with Yann Bugeaud.
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Mmuorousen I'mnpbepTa u JuHeliHble (POPMBI
OoT JiorapudpMOB ajJIredpandecKnx 4mnceJa

Yuri Alexencev
MocKOBCKUIT TOCYIaPCTBEHHBI MHCTUTYT CTAJIM U CILJIABOB

E-mail: alexencev@mail .ru

JloKJ1a,1 IIOCBSIIIEH OIeHKEe OJHOPO/IHOM JUHEeHON (DOPMBI C IEeJIbIME KO-
s durmenTamu OT JOrapudMOB aJredpanIecKux Ynces. ITHU OINEHKN UMe-
0T IIAPOKOe IIPUMEHEHNe B Teopuu 4duces. B pabore IpeIorKeH HOBBIMT
TEXHUYIECKHI IOAX0M K JI0Ka3aTe/IbCTBY IOA00OHBIX OIleHOK. Ilomxo/ ocHo-
BaH Ha TOM, YTO MHJIYKIUS BEJIETCS HEe KaK BO BCEX IMPEIbLIYIINX padoTax
10 YUCJIY JIOTapudMOB aJredOpandeckKux Iuces, a M0 BeJIUnInHe MHOTOUIeHa,
I'mabpbepTa HEKOTOPOI IeJIOYUNC/IEHHON pPeIeTKH, cojep:Kalieii BEKTOp KO-
s purmenToB ncexo rHoM auHeitnoi popmbl. [Ipu mokazaTebcTBE MHTYKITH-
eif TI0 YUCJIy JIOTapru@PMOB Ha KarKJI0M IIare MpUXoUTCI MEHATH JUHEHHYIO
dopMy, TP STOM ITOPTUTCS KAK KAIECTBEHHBIN TaK 1 KOJUIECTBEHHBIN BUT
oleHKH. B mokazaresibcTBe MHIYKIIMEH 110 BeJIndnHe MHOro4aeHa ['ninbep-
Ta 00bEMJIIOIIEH peleTKr UCXO Hasl JInHeiiHas (popMa He MeHsieTCsi BOBCE,
9TO MTO3BOJIAET MOJYYUTh ONTUMAJIbHYIO 3aBUCUMOCTD OIIEHKU OT KO3 Ppu-
[IUEHTOB JINHeHOW (hOpMBI (UTO He yJIaBajoCh ClIejaTh paHee), MOJYIUTh
HAWJIYy4Iliie KOHCTAHTBI IIPU MaJIbIX 3HAYEHUSIX JIOrapU@MPMOB U YIPOCTUTh
JI0Ka3aTeIbCTBO Ha 3aBepiialomeM drare. [locTpouTs moKa3aTe/ibCTBO Ta-
KM 00pa30M yJIaJI0Ch B TOM 9ucJe OJ1arojapss HEKOTOPOMY TOXKJIECTBY JIJIsI
MHOTO4YJIEHOB ['myibbepTa.

Torsion cosets on subvarieties of G}

Iskander Aliev!
School of Mathematics, University of Edinburgh, UK

It was conjectured by S. Lang and proved by M. Laurent that all
solutions of a system of polynomial equations in roots of unity can be
described in terms of a finite number of parametric families called maximal
torsion cosets. In this talk we give explicit upper bounds for the number of
maximal torsion cosets on an algebraic subvariety of the complex algebraic

IThis is a joint talk with Chris Smyth (Edinburgh).
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torus G} . In contrast to earlier works, the bounds are of polynomial growth
in the degree of defining polynomials.

Chromatic numbers of real numbers!

Renat Akhunzhanov® & Nikolai Moshchevitin?

8 Astrakhan State University
“Moscow State University

E-mail: moshchevitin@rambler.ru

For a real number # > 1 we denote by x(#) the minimal number of
colors required for coloring the real line R in such a way that any two
points x,y € R with |z — y| = 6% (where k is a nonnegative integer) are
colored in different colors.

Teopema 1. 1. If 6 is transcendental then x(0) = 2.
2. If 0 is algebraic and not an algebraic unit then 2 < x(0) < 3.
3. If 0 s an algebraic unit of degree n > 2 then

6
2 < x(0) < en?( 8"
loglogn

with some absolute constant c.
4. If an algebraic unit 0 of degree n is non-reciprocal, one has the upper
bound x(0) < cn?.

Teopema 2. 1. The following equality holds:

0) = 4.
eezgﬁgeﬂﬂ )

Moreover, for a quadratic irrationality, x(0) may take any value in the set
{2,3,4}.
2. The following estimate holds:

5 < 0) < 8.
per X, x(0)

We have some structural results for the corresponding distance graphs.

IThe research was supported by RFFI grant no. 06-01-00383. The research of
N. Moshchevitin was also supported by grant MD-3003.2006.1 of the President of RF.
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Simultaneous Diophantine approximation and
rational points near planar curves

Victor Beresnevich

Institute of Mathematics, Belarus Academy of Sciences, Minsk;
Department of Mathematics, University of York, UK

E-mail: vb8@york.ac.uk

We discuss recent progress in the metrical theory of simultaneous
Diophantine approximation (by rational points) of points on planar
curves. This area of research is considerably less developed than its dual
counterpart (approximation by linear forms). Related questions of the
distribution of rational points near planar curves are discussed.

O Bausaunm pador A. O. I'eabdonga
Ha MEeTPUYECKYIO0 TEOPUIO
AnodaHTOBBLIX MPUOJIN>KEHNIA

Vasilii Bernik

Institute of Mathematics, Minsk, Belorussia

Bo MHOrmx 3ajgadax METPUYECKON TEOPUN TPAHCIIEHIEHTHBIX YICes Ha-
JIO OIEHUBATHL KOJUYECTBO IEJIOYNCICHHBIX MHOTOYICHOB, IIPUHIMAIOIINX
MaJible 3HAYEHUsI Ha HEKOTOPOM MHTEPBaJEe, & TaKKe BLIAEIATH U3 HUX
CTeIleHN HEIIPUBOIUMBIX MHOIOUJIEHOB, KOTOPbIE TaKKe MaJibl Ha TOM WMH-
tepBaJje. [logobubivu 3agadamu 3aaumasica A. O. T'easdonn. B mokiane
OyzeT pacckaszaHo 00 00obIeHnn AByX jJeMM lenbdoHaa 1 0 TpuMEeHEeHUN
[TOJIYI€HHBIX PE3YJIbTATOB B AUO(DAHTOBBIX IPUOJIUKEHUIAX.
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Multiplicity and vanishing lemmas
for differential and ¢-difference equations
in the Siegel-Shidlovsky theory

Daniel Bertrand
University Paris VI, France

E-mail: bertrand@math. jussieu.fr

We shall present a general multiplicity estimate for linear forms in
solutions of various types of functional equations, which covers and extends
the zero estimates used in recent work on the Siegel-Shidlovsky theorem
and its g-analogues. We shall also present a dual version of this estimate,
as well as a new interpretation of Siegel’s theorem itself in terms of periods

(154

of Deligne’s “irregular” Hodge theory.

Generalization of continued fraction

Alexander D. Bruno

Keldysh Institute of Applied Mathematics, Moscow, Russia

[IycTth B TpexXMepHOM BEIECTBEHHOM ITPOCTPAHCTBE 3aJaHbl TPU BeIllle-
CTBEHHBIE OTHOPOHBIE JuHeiHbIe (hopMbl. VIX MOIy/IH Jal0T 0TOOparkKeHme
9TOr0 IPOCTPAHCTBa B JApyroe. B HemM paccMarpuBaeTcs BBIIYKJasi 000-
JIOUKa 00Pa30B BCEX IEJOYUCIEHHBIX TOYEK IIEPBOrO IIPOCTPAHCTBA, KPO-
Me ero HadaJja KOOPJWHAT. 3aMbIKaHUE dTOM BBIIMYKJION 000J0YKMA HA3Ba-
HO MOJYJIbHBIM MHOrOrpaHHHKOM. Hammydimnume memouncaeHHabe TpuO ImzKe-
HHSI K KOPHEBBIM IIOAIIPOCTPAHCTBAM 38 JaHHBIX (POPM JAIOT TOUKHU, 00pa-
3bI KOTOPBIX JiesKaT Ha I'PAHUIE MOJYJIbHOTO MHOTOIpaHHUKa. V3ydarorcs
Te CBOIICTBAa MOJYy/JTBHOTO MHOTOIPAHHUKA, KOTOPbIE UCIOJIb3YIOTCS JIJIsI 10~
CTPOEHUS aJITOPUTMa, OOOOIAIOIIErO MEHY0 JIPo0b. AJITOPUTM JTaeT Tak-
JKe TEePUOAUIHOCTD I KyOMYeCKUX HUPPAIMOHAJIBHOCTENR ¢ MOJ0XKUTE b
HBIM JUCKpUMHHAHTOM. O000MHUTH IENHYI0 APO0b IBITAINCH Jitaep, AKo-
ou, Jlupuxie, dpmur, [Iyankape, I'ypsur, Kieitn, Munkosckuit, Boponoit,
CkybeHKO, ApPHOJIB, 1 MHOTHE ApPYTHeE.

Let three linear homogeneous forms be given in real 3-space R. Their
moduli map the space R into the 3-space S. In the space S, we consider
the convex hull of the images of all integer points of the space R,
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except the origin. The closure of the convex hull is called the modular
polyhedron. The best integer approximations to the root subspaces of the
given forms in the space R give the points lying in the surface of the
modular polyhedron in the space S. We study the properties of the modular
polyhedron, which are useful for construction of the algorithm generalizing
the continued fraction. The proposed algorithm gives periodicity for cubic
irrationalities with positive discriminant. Various attempts to generalize
the continued fractions were made by Euler, Jacobi, Dirichlet, Hermite,
Poincaré, Hurwitz, Klein, Minkowski, Voronoi, Skubenko, Arnold, and
many others.

Simultaneous Diophantine approximation
on polynomial surfaces

Natalia Budarina
Vladimir State Pedagogical University, Russia

E-mail: budarina@vgpu.vladimir.ru

The Hausdorff dimension of the set of simultaneously 7-approximable
points lying on some simple polynomial surfaces is obtained for sufficiently
small error functions.

CraTuctuka TpaeKTOpuii YacCTHil

I/ OJHOPOJHOI JBYMEPHOil MoaeJin
“Ilepuonnyeckuii ra3 Jlopenna’™*

Victor A. Bykovskii & Alexey V. Ustinov
Institute for Applied Mathematics, Khabarovsk Division

E-mail: ustinov@iam.khv.ru

The talk presents a new result on trajectory statistics in the model
of the periodic two-dimensional homogeneous Lorentz gas (Sinai billiard).
This result is more general and precise than previous one proved by Florin
P. Boca, Radu N. Gologan, and Alexandru Zaharescu.

IThe research was supported by INTAS grant no. 03-51-5070 and by project 06-I-I1-
13-047 of the Far Eastern Branch of RAS.
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B nokitame Oyaer mpejicTaBiIieH HOBBIM pPe3y/JabTAT O CTATUCTHIECKUX
CBOMCTBaX TPACKTOPUIl YaCTUIl B ABYMePHOI oHOPO HOI Mojesn “Ilepuo-
mumaeckuii ra3 Jlopenma”. OH 06001IaeT U yTOYHSIET COOTBETCTBYIOIINAE Pe-
syabraTrel . Boka, P. I'omorana n A. 3axapecky.

On linear independence
of the values of some ¢-series

Keijo Vaananen
University of Oulu, Finland

E-mail: kvaanane@sun3.oulu.fi

We shall consider linear independence of the values of functions
f1(2), ..., fm(2) satisfying a system of ¢-difference equations

2"f(az) = a(z)C f(2) + b(2)

where s is a positive integer, |¢| < 1, C' is a non-singular constant matrix,
and a(z) and the components of b(z) are polynomials of degrees < s,
a(0) # 0. There are a lot of works considering the arithmetic properties of
the values of functions of this type starting from the papers on Tschakaloff
function and g-exponential function. In a recent joint work with Amou and
Matala-aho we proved a general linear independence result implying, for
example, the linear independence of 1 and the values of

( ) S qsn(n+1)/2ny( . )n 01 1 01 .
v R) = z) =Y L...,o= 1 =U L. =4,
P T T (), .

where ¢~! € Z\ {0,41}, a(z) € Q(z) satisfies a(q’) # 0, i = 1,2,...,
[a(g)]o = 1 and [a(q)]n = a(q) - - - a(q™) for n > 1.

The results are obtained both in the archimedean and p-adic cases and
also a quantitative linear independence measure is given.
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O KopoTKOM JJoKa3aTeJIbCTBE TECTAa
Ha 1npocTtoTy Jlykaca—J/lemepa

Denis Vasilyev
Institute of Mathematics, Minsk, Belorussia

E-mail: vasilyev@im.bas-net.by

A method for testing primality of numbers of the type p = 29 — 1 was
first introduced by E. Lucas in 1878. In 1930 D. Lehmer has modified this
method and proposed a simple procedure which allows effectively search
for Mersenne primes. The original proof of the Lucas test is quite lengthy
and a shorter proof was given in 1993 by J. W. Bruce. We propose even
shorter modification of this proof.

Meto/1 TecTupoBaHUsI Ha IIPOCTOTY unces Buga p = 29 — 1 ObLI BIIepBbIE
npemioxker . JIykacom B 1878 r. B 1930 . /1. Jlemep MmomudumupoBas 3TOT
MEeTO/T U TIPEJIJIOZKUT ITPOCTYIO IIPOIIE Ty Py, KOTOPast Mo3BoJifgeT 3(PpHEKTUBHO
moJIyJarh mpocThie gucia Mepcenra. OpuruHaIbHOE T0KA3aTEIbCTBO OBLIO
JIOBOJIBHO JIIMHHBIM U B 1993 1. /I2x. Bprocom ObLIO TIpeyIoyKeHO KOPOTKOe
JIOKa3aTeIbCTBO. B JIo0KJ1a/1e mipeiaraercs eiie 00Jiee COKpaIlieHHasi BEPCUst
JIAHHOI'O J0Ka3aTe/IbCTBA.

Diophantine approximation, fractal sets and
lacunary sequences

Sanju Velani
Department of Mathematics, University of York, UK
E-mail: s1v3@york.ac.uk

The metric theory of Diophantine approximation on fractal sets is
developed in which the denominators of the rational approximates are
restricted to lacunary sequences. The case of the standard middle third
Cantor set and the sequence {3"™ : n € N} is the starting point of our
investigation. Our metric results for this simple setup answers a problem
raised by Mahler. As with all ‘good’ problems —its solution opens up a can
of worms.
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On the equivalence between Beukers-type and
Sorokin-type multidimensional integrals

Carlo Viola
Pisa University, Italy

E-mail: viola@dm.unipi.it

It is well known that a triple Beukers-type integral, as defined in the
paper by G. Rhin and C. Viola [Acta Arith. 97 (2001), 269-293| can
be transformed into a suitable triple Sorokin-type integral. I will discuss
possible extensions to the n-dimensional case of a similar equivalence
between suitably defined Beukers-type and Sorokin-type multiple integrals,
with consequences on the arithmetical structure of such integrals as linear
combinations of zeta-values with rational coefficients.

Arithmetic properties
of coefficients of several modular forms

Galina Voskresenskaya
Samara University, Russia

E-mail: galvosk@mail.ru

We consider modular forms which are completely determined by the
following conditions: they are cusp forms of integer weights with characters,
all their zeroes are in the cusps and each zero has the multiplicity one.
A priori we do not give other assumptions but in fact these functions
are eigenforms of Hecke algebra and can be expressed as products of
Dedekind n-functions of various arguments. Their Fourier coefficients are
multiplicative and they are called mulplicative n-products. We investigate
these functions from various points of view. In particular we study the
arithmetic properties of their Fourier coefficients. We consider Shimura
sums related to the modular forms and prove several families of identities
involving them. The type of identity obtained depends on the splitting of
primes in certain imaginary quadratic number fields. Shimura sums are in
a sense analogous to Gaussian and Jacobian sums.



10 Diophantine and analytic problems in number theory (Abstracts)

Definition. Let a(n) be an arithmetic function and ¢ a positive integer
(a(x) = 0 if = is not integer). Then for m > 1 the Shimura sum Sh(m, a, ¢)
is defined by the formula

m—1 .
mac a .
1

j:

Theorem. Let f(z) be

o.¢}

n°(122) = ) a(n)q" € S1(144, ).

n=1

1) If p is inert in K = Q(v/=3) then p = —2Sh(p?,a,1) — 1.
2) If p splits in K = Q(v/=3) then p = 1> + 3m?, where

p = (2Sh(p,a,1) + a*(p))? — 2Sh(p?,a, 1) — a*(p®) — 2Sh(p, a, 1).

We prove analogous theorem for the functions n*(62), n(162)n(8z),
n(18z)n(6z) and obtain many other expressions.

References

[1] D. Dummit, H. Kisilevsky, and J. McKay, “Multiplicative products of
n-functions,” Contemp. Math. 45 (1985), 89-98

[2] K. Ono, The web of modularity: arithmetic of the coefficients of modular
forms and q-series, Amer. Math. Soc., Providence, RI, 2004.

[3] G.V. Voskresenskaya, “Multiplicative Dedekind n-functions and repre-
sentations of finite groups”, J. Theor. Nombres Bordeaux 17 (2005),
359-380.
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On the distribution of values
of quadratic forms

Friedrich Gotze
Fakultat fiir Mathematik, Universitat Bielefeld, Germany

E-mail: goetze@mathematik.uni-bielefeld.de

We shall discuss some recent results on effective bounds for the local
distribution of values of irrational indefinite quadratic forms on lattices in
dimension five and larger in the Oppenheim problem. The proofs are based
on analytic bounds for theta functions and equidistribution results for orbits
of unipotent subgroups. In particular applications to bounds for solutions
of diophantine inequalities for indefinite forms extending extending results
by Birch and Davenport are made. This is joint work with G. Margulis.

Furthermore, applications to open problems for rates in the central limit
theorem for balls in dimension five are discussed. This is joint work with
A. Zaitsev.

O cTpykType MHO>KecTBa F-pyHKIITII,
YIOBJIETBOPAIONINX JIMHENHBIM
anddepeHInaaIbHBIM YPaBHEHUSM
BTOPOT'O MOPSIIKA

Bacuuit A. I'opesios
MockoBCKUil 9HEPreTHIeCKuii MHCTUTYT (TEXHUIECKUN YHUBEPCUTET)

E-mail: gorelov.va@mail.ru

HoxkaszbiBaercs, uro dyHKius f(z) Torga u TOJIBKO TOTJA SBJseTCS F-
dYHKIIHEN, YIOBJIETBOPLAIONIEH YPaBHEHUIO

Q2y" + Q1Y + Qoy = Q, Q2,Q1,Q0,Q € C[z],

korma f(z) = Pypa(az)+Prox, (a12)+P umu f(z) = Pof1(2)+ P fi(2)+P,
e

W(Z)ZHT;(AH)...(AJW)’
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Py, Pi,P e Alz], \,\1 € Q, a,1 € A, f1(2) — E-dbyHKIus, yIoBIeTBOps-
I0IIasl YPaBHEHUIO

a b b c
Y’ + (a+—1>y'—|— (b+—1+—§)y:c+—1,
z z z z

a,ai,b,b1,ba,c,c1 € A.

B ciygae Q = 0 u B cirygae anrebpandeckoit 3apucumoctu f(z) u f'(z)
Hag C(z) dyurmmo f(z) MOXKHO BBIPA3UTh Yepe3 TUIEPTEOMETPUTIECKUE
E-byuknnmu B SBHOM BHJIE.

O06 ogHOM aHAaJIOTEe

aJJINTUBHOI IIpob6JieMBbl JiejinTesieii’

C. A. I'punierko & JI. H. KyproBa

Benropoackmii rocy/1apcTBeHHbBIN YHUBepcUTET, Poccus

E-mail: gritsenko@bsu.edu.ru

B 1927 roay anrnumitckuii maremaTuk A. VIHram mocraBuiI U permi sJie-
MEHTAPHBIM METOJIOM 3aJa4ud MOJIYYEeHUs] aCUMOTOTHIECKUX (POPMYJT IS
YUCJa pelleHnil ypaBHeHUN

T1T2 + T3xg4 = N,

T1To —x3x4 = 1, 129 < N.

DTH 335091 TOJIYYUIN HA3BAHUE aJJINTUBHLIC IIPOOJIEMBbI 1eIUTEIICH.

B maremarmaeckoil mmTepaType M3BECTHBI MHOTOYUC/ICHHBLIC 3aJa4u,
POJICTBEHHBIE aJJITATUBHBIM TIpobjieMaM jenureseil (ux anajgoru). Mbr 3a-
MHTEPECOBAJIMCH OJHMM U3 TaKux aHajaoros. Ilycrs K — MHEUMOe KBaJl-
paru4yHoe 1oJie, Zg — €ro KOJIbIO IeJBbIX ajrebpamdeckumx ducena, X —
HErJIaBHBIN XapakTep IPYIIIbI KJIACCOB WJIeAIOB Kobla Zy . Ilycts a(m) =
> N A):mX (A), ryie cyMMuUpOBaHUe UJIET 1O BCEM IEIbIM ujeajaM Zy,
HOPMa KOTOPBLIX paBHa 17.

Hammm 0CHOBHBIM Pe3yJIbTATOM SBJIAETCS CJIEIYIONAs TEOPeMa.

1 PaGora nonmeprkana MunncTepcTBoM 06pasoBanus 1 Haykn PP B paMKax IporpaM-
Mbl «Pa3BuTne Hay4yHoro norennmana soicieit mkosibl» (rpant PHIT.2.1.1.3263) u Bes-
FOPOJACKUM TocynapcTBeHHbIM yHUBepcureroMm (rpant BI'K 007-04).
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Teopema. Ilycmv € — npou3BoAbHOE NOAOHCUMEADLHOE YUCAO, A, b, h —
HamypasvHoe wucaa maxue, wmo abh < N, n € N. Tozda cnpasedrusa
oueHKa

o (0. @]
Sn) =33 a(k)ja(m)e” =" = O(ni*e).

k=1m=1

ak—bm=h
Jlerko BugeTh, uTo S(n) npejcrapisier coboil YNCIIO pelleHnil ypaBHe-
Husi ak — bm = h, B HaTypaJbHBIX YHUCJIaX k, M, IpUIEM KaKJI0€ pPelieHne
canraercs ¢ «Becom» a(k)a(m)e” =
Teopema goKa3bIBaeTCI KPYTrOBBIM METOJIOM C MCIOJIb30BAHUEM OIEHOK

A. Beitna cymm Kiocrepmana.

Some difference equations which are connected
with Mejer’s functions, and their applications

Leonid A. Gutnik

Moscow State University of Electronics and Mathematics

E-mail: gutnik@gutnik.mccme.ru

Properties of some difference equations which are connected with
Mejer’s functions, and their applications to Diophantine approximations
will be discussed in the report.

Ilenble Touku ajredpamvecKnx KPUBbBIX

B. A. /lembsiHeHKO

Nuacruryr maremaruku n mexanuku Y pO PAH, r. ExkarepunOypr

[Tycts k — anrebpamdeckoe ducjioBoe mose crenenu n, F,,(z,y) — 6u-
HapHasi OfHOpogHas dhopma crerern m u Fi,(x,y) = A — Kpusasi, ompe-
JIeJICHHBIE HAJ[ 3TUM II0JIEM.

HaiiteHn! siBHasI OlleHKa YnCa MEabIX k-Touek Kpuboil F,(x,y) = A u
sIBHAsI OIICHKA BBICOTHI 3THX TOYEK. AHAJIOIMYHBIC PE3YJILTATHI IOy YCHBI
U I SJUINNITUYECKUX KPUBBLIX OTPAHUYEHHOIO PAHTA.
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O mopsgakax HyJ/ieii MHOTOYJIEHOB
OT HEKOTOPHIX aHAJUTUYECKUX PYyHKIIIIA

Anekceit 11. Hosrases
MockoBckuit rocynapcrBennbiit yuusepcuter uM. M. B. Jlomonocosa

E-mail: alex_fc_1@mtu-net.ru

YcTaHaBIUBAIOTCS OIEHKU MTOPsi/IKa HyJeit MHOTOYJIEHOB OT COBOKYITHO-
ctu (PYHKINH, sIBJISIOIIENCST pelleHneM CUCTeMbl ajredpandeckux audde-
pPEHINAJIbHBIX YPaBHEHUI U YIOBJIETBOPAIOMINX HEKOTOPHIM IOIIOJTHUTE b
HBIM YCJIOBUAM. DTH OIEHKHU YJIyUIIaiOT CYIEeCTBOBABIIYIO paHee aHaJIo-
TUYIHYIO OIEHKY JIJISI OJTHOI TOYKH B CJIydae aJiredpamvdecKu He3aBUCUMBIX
dyukimii. /lokazaTeJbCTBO OCHOBAHO HA TEOPHUHU UJICAJIOB B KOJIbIIAX MHO-
TOYJIEHOB.

[TomobHbIe OIEHKN OBIBAIOT HOJIE3HBI IPU J0KA3aTeIbCTBe ajredpamde-
CKOIl HE3aBUCUMOCTH 3HAYEHUN (PYHKINIA B aaredOpandecKux TOUKax.

Discrete logarithms in GF(p) — 135 digits

A.Ya. Dorofeev & D. M. Dygin & D.V. Matyukhin
E-mail: dmatyukhin@mail.ru

Recently we have computed discrete logarithm modulo 135-digits
(448 bits) prime modulus. As far as we know, this is a new record for
the general discrete logarithm problem. Precisely, we took a strong prime

p=|2%57| + 63384
— 570857799147913943142073298159453290747376295550451905113\ \
86537591186591858802294523702070250020343761541967996165\ \
9928369778961422486479

and a generator g = 7 of the multiplicative group modp, and computed

log, 11 = 2638094154425326843577938327776267044837001100509616 \ \

312403366105451436457230348722750300163839625738411\ \
8164938889215403106849600742712.
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The computation took about 45000 MIPS-years. In the lecture we present
some details of it.

On the set of roots of {—1,0,1} polynomials

Arturas Dubickas
Vilnius University, Lithuania

E-mail: arturas.dubickas@mif.vu.1lt

Let V be the set of roots of integer polynomials of height 1 with nonzero
constant term, that is, a € V if and only if there exists a positive integer n
and ai,...,a, € {—1,0,1} such that 1 + a1+ -+ apa™ = 0. The set V,
its closure V, some related sets and their applications to other problems
have been studied on several occasions, e.g., [1]- [3].

It is quite clear that if & € V' then « is an algebraic number (in fact,
a unit) that lies with its conjugates in the annulus 1/2 < |z| < 2. Is this
condition sufficient?

In [4], we show that if « is a unit that lies with its conjugates in the
annulus 1/2 < |z| < 2 then « is not necessarily in V. For instance, the
number (14++/5)(—14+/=3)/4, with minimal polynomial z*+23+22%—2+1,
is proved to be such an example. Moreover, one of our results in [4] implies
that, in principle, no restriction on the size of conjugates of o can be given
to force a to belong to V. In contrast, it was shown in [1] that every complex
number « lying in the annulus 1/v/2 < |a| < 1 is a root of some {—1,0,1}
power series.

References

[1] M. Barnsley and A.N. Harrington, “A Mandelbrot set for pairs of linear
maps,” Phys. D 15 (1985), 421-432.

[2]| T. Bousch, Sur quelques problémes de dynamique holomorphe,
Ph.D. thesis, Univ. Paris Sud, 1992.

[3] A.M. Odlyzko and B. Poonen, ‘“Zeros of polynomials with 0,1
coefficients,” Enseign. Math. (2) 39 (1993), 317-348.

[4] P. Drungilas and A. Dubickas, “Roots of polynomials of bounded
height,” Rocky Mount. J. Math. (to appear).
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Diophantine results related to discriminants
and resultants of polynomials and
binary forms

Kalman Gyéry
Univertsity of Debrecen, Hungary
E-mail: gyory@math.klte.hu

Let S be finite, possibly empty set of primes, Zg the ring of S-integers
and Zg the group of S-units in Q. Numerous diophantine problems can be
reduced to discriminant equations of the form

D(F) € DyZ% (1)
and resultant equations of the form
R(G,H) € RyZs. (2)

Here Dy, Ry are fixed positive integers, F,G,H are unknown monic
polynomials or binary forms with coefficients in Zg, and it is assumed
that G and H split into linear factors over a given number field. The
solutions of these equations can be divided in a natural way into equivalence
classes. Equations (1) and (2) have been studied by many people, including
the speaker. Various finiteness theorems have been established for the
equivalence classes of solutions which led to important applications to
algebraic numbers, number fields, polynomial diophantine equations and
irreducible polynomials.

In the talk several new results will be presented on equations (1) and
(2) and their more general versions considered over number fields. In
the first part general effective theorems will be stated in a quantitative
form on the solutions of (1). These significantly improve and refine the
earlier related results and provide new information on the arithmetical
properties of discriminants of polynomials/binary forms. In the second part
some quantitative results concerning (2)) will be discussed which have been
obtained jointly with A. Bérczes and J. H. Evertse. Among others explicit
upper bounds will be formulated for the number of equivalence classes of
solutions G, H of given degree. An important feature of these bounds is that
they depend only on the degrees of G and H, the cardinality of S and the
number of distinct prime factors of Ry. Finally, a common generalization of
(1) and (2) will be treated, and some new applications to algebraic numbers
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and Thue-Mahler equations will be mentioned. The proofs depend among
other things on the theory of logarithmic forms and a quantitative version
of the subspace theorem.

KBaszununeiinble JnodaHTOBbLI ypaBHEHUS

Vlagimir G. Zhuravlev
Vladimir State Pedagogical University, Russia

E-mail: vzhuravlev@mail .ru

C TOMOIIBIO0 TEXHUKY OJHOMEPHBIX pasbuenuit Pubonaqqn [1| mokasbi-
BAIOTCH CJIEIYIONIE TE€OPEMHBI.

Teopema 1. ITycmv 7 = (—1++/5)/2 — s000moe ceuenue, (x) — dpobras
Yacmov T, U nYcmosv dano JuoPaHmMoBo YpasHeHUE

a1 (N17) + ag(NaoT) = 1T — ca, (1)

2de koappuvyuenmo, a;,c; U nepemernvie N; npuradasescam Korovuy ue-
ADIT PAUUOHAALHOLL wucea L. IIpednosootcum, wmo roapduyuermot 1ydo-
BAEMBOPAIOM, CACOYIOWUM YCAOBUAM: Q1,03 — B3AUMHO NPOCMLLE HUC-

JLa,a2>—a123,c’>0,m<c’<M,—1<%<7,eﬁe
d = (a1 —ca —ay — az) — coT, m — munumarvroe, a M — maxcu-
MAAOHOE 3HAYENUA U3 MMHOdICECMEa {a1x1 + asxa;x1,x9 = T,—1}. To-
2da cucmema (1) paspewuma u xosuwecmeo n(X) ee pewernutd (Ny, Na)
c X1 < N1 < X1+ X, 2de X1 dpuxcuposaro u X — 400, ydosaemsopsem

acumnmomu1eCromy paceHCIMBY

_ag — e + e

n(X)=kX + o(X), ede k=

a1 a3

JIro6oe uncio A € N oposnauno pasnaraerca A = ) | <, en(A)F), B cn-
creme cuucyienuss Pudonaqydu, riae kodbdunuentor €, = 0,1 u £,6,41 = 0
ang Beex n > 1. Pasencrsom Ay o Ay = 3 o en, (A1)en, (A2) Fnytn,
ompeengercs Kpyrosoe ymuoxenne Kuyra. Ilycts o'  np/g(r) obosnaqa-
IOT COIPsizKeHNe 1 HOpMy B KBasiparudaoMm mojie Q(7), 6(A) = A+[(A+1)7]-
T U [x] — nenas 9acrb .
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Teopema 2. IIycmv daro duoparnmoso ypasrerue
AloXl—AQOXQIC, (2)

2de woapuyuenmu, A;, C u nepemennvie X; uz N = {1,2,3,...}. ITycmo
6'(A;)| < 7 w wucaa npg(6(A;)) (i = 1,2) esaummno npocmuie. IIpeo-

5 (A
NONOHCUM, YO BBINOAHEHO YCAOBUE 1) 0 < ,( 2) < 1, u moeada nycmov
) 5 (Al) Y

m < §'(C) < M, 20e m — murumanvroe, a M — makcumasvroe 3nauenus
us muootcecmea {0' (A1)t — 6" (Az)1, =8 (A1) + 0'(A2)}; uau — yeaosue 2)
—7 < 5,% ; < 0, u moeda nycmvm < §'(C) < M, 2de m — murumarvHoe,
M — makcumanvroe snavenue ud {8 (Ar)T + §'(As), =6 (A1) — §'(As)T}.
IIpu smuz yeaosuaz xoauwecmeo n(X) pewenutd (X1, Xz2) ypasnernus (2) c
1 < X9 <X npu X — +00 suiiucasemes no acumnmomuseckots popmyae

1
AT = A1[(Ar + D7) = [(Ar + D7]?|

n(X) =kX + o(X), ede k=

Cnucok JmrepaTryphbl
[1] B.T. 2Kypasnes, “Onnomephbie pasduenust Oubonauauu,” Hse. PAH.
Cep. mamem. (2006) (B meuarn).

O muddepennupoBaHumn
ruiepreoMeTpudecKoii (pyHKIuu
110 IIapaMeTpy

ITages JI. IBankos

MoCKOBCKUII TOCYTaPCTBEHHBIN TeXHUIECKU YHUBEPCATET
M. H. 9. Baymana

E-mail: ivankovpl@mail.ru

IIycTn

;)\—Fl (A+v)

B noxkmajie Oy/ieT paccka3aHo O IOCTPOCHUN MPUOJINKAOIIEH (DOPMBI BUIA

dpr(2)
ox

R(z) = Po(2) + P1(2)pa(2) + Pa(2)
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UMeroleit MaKCUMaJbHO BO3MOXKHBII MOPSJI0K HyJs 1Ipu z = 0, a Takke
0 HEKOTOPBIX 0OODIIEHUAX ITON KOHCTPYKIUU. TaKKe IMOCTPOEHUsT MOXKHO
HCTIO/Ib30BATH JIJI TOJIyUYeHUsT apUPMEeTUIECKUX Pe3yIbTaTOB.

Cnucok JmrepaTryphbl
[1] A.B. lIugnosckuii, Tpancuendenmunie wucaa, Hayka, Mocksa, 1987.

[2] K. Mahler, Lectures on transcendental numbers, Springer-Verlag, Berlin,
1976.

O mpmMeHeHUn 00OOMIEHHOIT JIEMMBI
I'eabdonga B MmeTrpudeckoii Teopun
AnoaHTOBLIX ITPUOJINXKEHIIA
Ha MHOroo6pa3ugax:

Ella Kovalevskaia

Institute of Mathematics, Minsk, Belorussia

B 1949 r. A.O. T'enbdons [1] mokazan Teopemy, U3 KOTOPOil Clejyer,
qTo ecim Mmuorowiensl P(t) € Z[t], L(t) € Z[t] crenenu, e npeBocxoasIIEit
n, ¥ BBICOTHI He OoJiee () He UMeIOT ODIUX KOpHeit, To mpu Jirobom € > 0 u B
JII0OO0H TPAHCIIEHIEHTHON TOYKe W HEBO3MOXKHO BBIMIOJIHEHNE HEPABEHCTBA

max(|P(w)], | L(w)]) < Q~*" 7= (1)

B.U. Bepuuk |2] npu m3ydenun pasmepHoctu Xaycaopda OYeHb XO-
POIIIO AIIPOKCUMUPYEMBIX PAIMOHAIBHBIMUA YHUCIAMU TOYEK KPUBOH U =
(xz,2%,...,2") yemmn pesynabrar Lenabdonna, gomnonus Hepasenctso (1)
HOBOI1 MeTpuueckoil xapakrtepuctukoil. B [3| ykasanubril pesyiabrar ObLT
pacpocTpaHeH Ha JAuOMaHTOBBI MPUOJIMKEHHST TOYEK KPHUBOI U B MpPO-
crparctee R x C x Q,. Ilociaenunit pesysnbrar 611 npuMeneH B [4] u [5]
JUTsT JTOKA3aTeIbCTBA TEOpPEM O Mepe 1U-allllPOKCUMUPYEMBIX TOYEK TOH Ke
kpusoit B mpocTpaHcTBax O = RXCxQ, u O1 = Cx Q). Tem cambim ObL1a
JIoKa3ana 6osiee crporas Bepcust runoressl B. . Cropunmkyka (1980 r.) B
O u O;. Chopmynupyem pesyabrar us [5].

[Mycte P, = P,(t) = apt™ + -+ a1t + a9 € Z[t], a, # 0, H =
H(P,) = maxogi<n |ai|. Ilycts p > 2 — mpocroe uucio, Q, — mose p-
aJM4eCcKUX 4ucell, | - [, — p-agmdeckast Hopma. Onpenesnum mepy i in O

I PaGora Bemoanena B pamkax I'TIOU «MaremaTuaecKie MOIEIH>.
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Kak InpomsBejienne Mepbl Jlebera pp B C m meper Xaapa pp in Qp, T. e.
p = popp. Iyers ¥ : N — RT — mMonoronHo y6biBaromas (pyHKIHUA K
> oo° L (n) < co. PaccMOTpEM CHCTEMY HEDABEHCTB

|[Pa(2)| < HY29"(H),  |Pa(w)lp, < H9" (H), (2)

e (z,w) € (01 u mapamMerTphl YAOBJETBOPSIOT CJIEYIOIIUM YCJIOBUSIM:
A <1, A3<0,,20(i=2,3), \a—1n <1, A3 —v3 < 0. Kpome Toro, BbI-
IIOJIHSIFOTCST YCTIOBUS 20 +13 = 1 1 2 0+ A3 = —n+2. 3ameTuM, 4TO mepBast
rpyliia yCJIOBUN Ha MapaMeTpbl UCKJI0YaeT TPUBUAJIbHbIE HEPABEHCTBA B
(2). Jlokazano, uro cucmema Hepasencms (2) umeem ne boaee KoHeuH020
wucaa pewenuti 6 muozousenar P, das noumu ecex (z,w) € Oy.

st JloKa3aTebCcTBa 9TOr0 YTBEPXKJICHUSA HCCJIEyeTCs Mepa MHOXKe-
CTBa TOUEK, IJie BEJIMIUHBI IPOU3BOAHbIX | P (t)| u |P; (t)|, 6osbine, Mepa
MHOYKECTBA TOYEK, I'/Ie OHU MaJIble, U BCE ITPOMEXKYTOUHbIE BAPUAHTHI 110 OT-
HOIIIEHUIO K YIIOMSHYTBIM HOpMupoBanusiMm. O6o0imenHast jgemma ['erbdon-
Jla IPUMEHSIETCA B TOM CJIydae, KOTJla YKa3aHHbIEe ITPOU3BOIHbIE HE CJIHIII-
kKoM Besimku. [leramm cm. B [5].

Cnucok jaurepaTypbl

[1] A.O. Tenndonn, VMH 4 (1949), som. 5 (33), 14-48.

[2|] B.U. Bepuuk, Acta Arith. 42 (1983), 219-253.

[3] B.U. Bepuuk, H. . Kamoma, Becyi HAH Beaapyci. Cep. $iz.-mam.
nayx (2004), no. 1, 121-123.

[4] E. Kovalevskaya, Math. Slovaca 54:3 (2004), 479-486.

[5] E. Kovalevskaya, Proc. of the 4th Inter. Conf. “Analytic and Probab-
ilistic Methods in Number Theory” (Palanga, 25-30 September 2006).

O nmonagaHUU JUCKPUMHUHAHTOB
IE€JIOYNCJIEHHBIX NPUMUTUBHBIX MHOI'OYJIEHOB
B 3a/laHHbIE€ MHTEPBAJIbI

Olga Kukso

Institute of Mathematics, Minsk, Belorussia

JLytst MOJTy ISt IUCKPUMIHAHTA, TIEJIOUUCICHHOTO MHOTOUYIeHa P(x) jerko
MOKHO TIOJIy9nTh OIEeHKY cBepxy K (P) depes Boicory H(P) u cremnenb n
nojimnoma. B jokjiajie OyeT MOKa3aHO, YTO 3HAYEHUs JUCKPUMUHAHTOB
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HonaJaloT B JIt000i moctarodno Gosbrinoit uarepsan u3 [—K(P), K(P)].
Kpome sToro bymer ykazana OIEHKa CHU3Y U1 THCIa TAKUX [TOJUHOMOB.

Some joint theorems
for periodic Hurwitz zeta-functions
Antanas Laurinc¢ikas

Vilnius University & Siauliai University, Lithuania

E-mail: antanas.laurincikas@maf.vu.lt

The periodic Hurwitz zeta-function ((s,a;a), s = o +it, for o > 1 is

defined by

C(s,a;a) = a—ms7
mE::O (m+a)

and by analytic continuation elsewhere. Here « is a fixed real number,
0 <a<1,and a={a,} is a periodic sequence of complex numbers.

We consider the value - distribution of a system ((s,a;;a;), 7 =
1,...,r,l=1,...,1;, of periodic Hurwitz zeta-functions, and prove for it a
joint limit theorem in the sense of weak convergence of probability measures
in the space of analytic functions, the joint universality and functional
independence. We state a joint universality theorem only. Let a;; = {ami }
have a minimal period kj;, 7 =1,...,7,l=1,...,l;. Denote by k the least

. T
common multiple of ki1,..., k1, .-, kr1,--., kr,, put K = ijl l; and
define

aiinr G2 ... A4y,  --- Air1 Air2 Alp,
B o= |
ag11 Q12 ag1l, Akr1  Qkr2  Qkgrl,
Theorem. Suppose that aq,...,q, are algebraically independent over the

field of rational numbers, and that rank(B) = k. Let K;; be a compact
subset of the strip {s € C:1/2 < o < 1} with connected complement, and
fii(s) be a continuous function on K which is analytic in the interior of
Kjy,j=1,...,r,1=1,...,1;. Then, for every € > 0,

1
lim inf T meaS{T €1[0,77]:

T—o0

sup sup sup [((s+iT,a;;a5) — fiu(s)| < 5)} > 0.
1<5<r 1KIKL s€EK

Here meas{ A} denotes the Lebesgue measure of a measurable set A C R.
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The second barrier for automorphic
L-functions on the critical line

Jianya Liu
Shandong University, China

E-mail: jyliu@sdu.edu.cn

A central problem in the theory of L-functions is to investigate their
sizes on the critical line. The convexity bound, which follows from the
Phragmen—Lindel6f principle, is of little use in applications. Therefore much
effort has been made to obtain subconvexity bounds for various L-functions,
which have also been applied to give various equi-distribution results. In the
classical case of the Riemann zeta-function, this convexity bound has the
exponent 1/4, and the classical subconvexity theorem of Weyl states that
this 1/4 can be reduced to 1/6. This 1/6 has resisted big improvement in
the past eighty years, although the famous Lindelof hypothesis states that it
should be reduced to 0. The convexity bound and Weyl’s bound are called,
respectively, the first and second barrier for the Riemann zeta-function.
In this talk, I will report a joint work with Yuk-Kam Lau and Yangbo
Ye, in which we reach the second barrier for Rankin—Selberg automorphic
L-functions in the spectral aspect.

Exponents of Diophantine approximation
Michel Laurent

Université de la Méditerranée, Marseille, France

E-mail: laurent@iml .univ-mrs.fr

We revisit basic works due to Khintchine and Jarnik in Diophantine
approximation and give some new results formulated in terms of exponents
of rational approximation.

As an example, we attach to a pair of real numbers a quadruple
of exponents which measure the quality of rational approximation to
this pair in various meanings. Then, we describe the spectrum of all
possible quadruples thus obtained. We also split the classical Khintchine’s
transference principle into intermediate estimates.

A lot of open problems connected with these topics will also be

addressed.
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On value-distribution of L-functions
from the Selberg class

Renata Macaitiene
Siauliai University, Lithuania

E-mail: renata.macaitiene@mi.su.1lt

In 1989 A. Selberg introduced [1] a class S of L-functions
L(s):ia—m s=o+it
ms Y Y

which became an object of numerous investigations, see a survey paper [2].
Roughly speaking, the functions of the class S satisfy 4 axioms: Ramanujan
conjecture on the coefficients a,,, axioms of analytic continuation,
functional equation and Euler product. We consider a subclass S C S for
which L-functions the following hypotheses are satisfied:

1°) for each prime p and j =1, ..., k, there exist complex numbers c;(p),
lc;(p)| < 1, such that

v =TI (- 2)

2°) there exists a positive constant x such that

s (1) Sl = v

P pP<T

We prove a limit theorem in the sense of weak convergence of probability
measures in the space of meromorphic functions for L-functions from the
class S.

Denote by dj, the degree of the function L(s), let

1 1
D:{SEC:0>maX(§,1—E>},

and let M (D) be the space of meromorphic on D functions equipped with
the topology of uniform convergence on compacta. Moreover, let B(M (D))
stand for the class of Borel sets of the space M (D), and let meas{A} be the
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Lebesque measure of a measurable set A C R. We consider the probability
measure

%meas{T €(0,T]: L(s+1ir) € A}, AeBM(D)),

and prove that it converges weakly to the distribution of some explicitly
given random element as T" — oo.

References

[1] A. Selberg, “Old and new conjectures and results about a class of
Dirichlet series,” Proceedings of the Amalfi Conference on Analytic
Number Theory (Maiori, 1989), Univ. Salerno, Salerno, 1992, pp. 367—
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Twun TpaHCIIeHIeHTHOCTH!
AJIsI TIOYTH BCEX TOYEK 1M-MEePHOIO
BEIIleCTBEHHOI'O IIPOCTPAaHCTBA

Sergei V. Mikhailov

MockoBckuit rocynapcrBennbiit yuusepcuter uM. M. B. Jlomonocosa

E-mail: 666serg@mail .ru

I[Iycte P — MHOrO4JIEH C MEJbIMUA KO3 PUIMEHTAMU, 3aBUCAIIUNA OT
m nepemeHHbix. ObosHaumMm: deg P — cremedb P 110 COBOKYIIHOCTH IIe-
pemennbix, H(P) — makcumym momysteit kosddunuentos P u t(P) =
deg P+In H(P) — tun muorouwiena P. Torpa jjist mouru Beex (B CMBbICTIE 1M1~
MepHOiT Mepr! JleGera) Togex ¢ € R™ cymecTsyer KoHcTanTa ¢ = c(€£) > 0
Takasi, 9T0 Jjisi Jroboro Muorowiena P € Zlry,...,x,,], P #Z 0, BeImoHs-
ercst nepasenctso In |P(€)] > —ct(P)" .

BriepBbrie mpobsiema ObLia cOpMyIUpOBaHA B OJHOMEPHOM CJIydae
K. Masiepom B 1971 1. Ilpesrosio:kenne, BbICKa3aHHOE UM, OBLIO JIOKA3aHO
FO.B. Hecrepernko B 1974 r., u ObLIa yKa3aHa IUmoTe3a, cOOpMYyJIAPOBAH-
Hag Beimre. B 1990 r. amajiormunast runore3a st npocrpancrsa C™ ObLia
nokazana @. AMOp030, HO ero J0Ka3aTeIbCTBO OKa3aJI0Ch “CyIIEeCTBEHHO
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KOMILJIEKCHBIM W HE MOIJIO OBITh TPUBHAJBHO aIAIITUPOBAHO K BEIIECTBEH-
HOW CUTYaIUN.

O cBg3u cuMBOJIA HOPMEHHOI'O BbIYETa
C KilaCCNYIE€CKNMMN 9aCTHBIMMN CI)epMa

Bagum B. Hazapos
MockoBckuit rocynapcrBennniit yuusepcuter uM. M. B. Jlomonocosa

E-mail: vv_nazarov@mail.ru

IIycrs p — HeuérHOE mpoctoe, ¢ = e2™/P X = 1— (. MsI BeiBomuM op-
MYJIBI, CBSI3BIBAIOIIIE CUMBOJIBI HODMEHHOTO BhIUeTa Bua (a + DA, ¢+ dA)y
TSI TIeJIBIX PalMoOHAIbHBIX @, b, ¢, d B oie Q(() ¢ K1accnIecKUMU YacTHBI-
vu Pepma, 3aBUCIIIIMEI OT KO03hhuiimeHTos a, b, ¢, d. Iloixy1uennnie popmy-
JIBI TTIO3BOJIAIOT BBIYUC/ISTH CUMBOJIBI HODMEHHOI'O BbIUETa CO CJIOYKHOCTBHIO,
pacTyIeil Kak JjorapudM OT CTEIeHN PACIITUPEHUS TTOJIS.

Let p be an odd prime, ¢ = €2™/P, \ = 1 — ¢. We obtain formulas,
which show the relation between norm residue symbols (a + bA, ¢ + dA)x
for rational integers a, b, ¢, d in the prime cyclotomic field Q(¢) and Fermat
quotients depending on a, b, c,d. These formulas allow to compute norm
residue symbols mentioned above with logarithmic complexity by means of
the growing parameter p.

Zeta functions of Siegel modular forms and
Rankin’s lemma of higher genus

A. A. Panchishkin

Institut Fourier, Grenoble, France

CobcTBeHHBIE 3HAYEHUsI OMEPATOPOB ['€KKe 3UresieBbIX MOy ISIPHBIX
dopwm onpenensiior a3era-pyuaknun A. H. Augpuanosa. 3ydyeHbl ux My/ib-
TUILINKATUBHBIE CBEPTKU PaHKuHa BhICIero poaa. /JlaHbl HOBbIE TOXKIECTBA
JI71s1 K03 DUImeHToB j13eTa (PYHKIMU U TPUMEPHI MO IbEMA, ITap 3UTEJIEBBIX
MOJLYJISIPHBIX (POPM.

Eigenvalues of Hecke operators on Siegel modular forms produce zeta
functions using the method by A.N. Andrianov. We study their Rankin’s
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convolutions of higher genus. New identities for their coefficients and
applications to lifting of pairs of Siegel modular forms are given (seelarXiv:
math.NT/0610417).

On the resolution of superelliptic equations
and binomial Thue equations
with unknown exponents

Akos Pintér!
Univertsity of Debrecen, Hungary

E-mail: apinter@math.klte.hu

Let a, b, D be positive integers, S the set of integers composed of fixed
primes p1,...,ps, and Q = py---ps. There is an extensive literature on
equations of the form

ar™ —by™ = ¢ in nonzero integers x,y,c,n with c€ S, n >3, (la)
and

f(x,2) =wy™ in integers z,y, z,w,n with (y,Q) =1, z,w € S, n > 3,
(2a)
where f € Z[X, Z] is a binary form. First we give a brief survey of effective
and numerical results concerning (1a)), (2a) and their applications. Then
we present the following recent theorems which considerably generalize,
improve and/or extend the earlier results.

General effective finiteness results. Gyéry, Pink, P. (2004); Gy®éry, P.
(2007):

(i) Suppose that in (la) a,b are also unknowns with a,b € S and
(ax,by, ¢) = 1. Then max(|az"|, [by"], |c]) < ¢f™(Q).

(ii) Let in (2a) f € Z[X,Z] be a binary form of degree m > 3
with f(1,0) € S and with discriminant D(f) € DS. Then |y|™ <
5" (m, D, Q).

IThese are joint results with M. A. Bennett, K. Gy&ry, M. Mignotte, and I. Pink.
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The equation considered in (i) is a common generalization of binomial
Thue equations with unknown exponents and S-unit equations over Q.
In (ii), D(f) may be replaced by a more general discriminant concept. Of
particular interest is the special case F'(1,0) =1,z =1,D =1 of (ii). As to
the dependence on parameters in the bounds, (i) and (ii) can be regarded
as definitive results; (i) and (ii) have been established in a more general
form, over number fields. The proofs involve among others the theory of
logarithmic forms.

Complete solution of equations. The general bounds on the solutions
of equations of the form (1a), (2a) are too large for practical use. Consider
the following important special cases of equations (1a) and (2a):

ax™ — by"™ = £1 in nonzero integers x,y,n with n > 3, (1b)
and
z(x + 1) =wy™ in nonzero integers x,y,w,n with |y| > 1, n > 3. (2b)

Equations (1b) and (2b) have been completely solved in the following
cases.

e a,b,w fixed: Gyéry, P (2007):

(iii) In (1b) max(a,b) < 30 ora=1,b< 120,
(iv) In (2b) |w| < 60.

e a,b,w unknowns from S = {+pipy with primes p; < p» < 30 and
integers u,v > 0}: Bennett, Gydry, Mignotte, P. (p2 < 13; 2006),
Gyéry, P. (2007), Bugeaud, Mignotte, Siksek (a = p{,b = py; 2007):

(v) In (1b) a,b are also unknowns with a,b € S,
Bennett, Gyéry, Mignotte, P. (p2 < 13; 2006), Gyéry, P. (2007):
(v) In In (2b) w is also unknown with w € S.

The complete lists of solutions will be presented in the talk. In cases
(iii)—(vi), no solution exists with n > 6 and |y| > 1. The proofs require a
combination of recent lower bounds for linear forms in three and more
logarithms and some results and methods based on ternary equations,
modular forms and Galois representations with certain classical results in
cyclotomic fields, the hypergeometric method, involved local considerations
and modern computational techniques.

Some applications of (iii)—(vi) will also be mentioned.
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Anajiorn yactubix Pepma 1 MOABHLEM perneHmii
IMOKa3aTeJIbHbIX CPAaBHEHMII B KOJIbIIaX
IeJbIX aJiredOpamvecKnx Jncest

Nnbsa A. Ilonossn
MockoBcKuit rocynapctBeHHbIi yHuBepcuTeT nM. M. B. JlomonocoBa

E-mail: ip@grek.dspgroup.ru

IIycts K — xomeunoe pacmupenne Q, Zyx — ero xosbIio mneiabix. O6o-
3HAYUM 4depe3 P IMPocToit miean Zy , JexKaluit Haa p € Z, U IIyCTh € — €ro
WHJIEKC BeTBjIeHus, f — ero cremnenb pacimpenus, p = [e/(p — 1)+ 1 u
TEep / p2. O6o3HaunM TakzkKe depe3 v MoKa3aTesb Zpy, COOTBETCTBYIOIINI
P, U IyCTb Z, — €ro KOJIbIIO IeJIbIX.

[Ipu N € N\ {1}, o, B € Zk \ p pacCMOTPHUM 33189y CBEJICHUS PEIICHUSI
IT0Ka3aTeJIbHOTO CPaBHEHUS

o® = pFmodp”, zeZ,

K cayqaio N = 1.
Hns s, M € N onpenesiuMm Ha TMOArPYIIIE €JIUHUAIL TOKA3aTes V,

Us:={n€Z,:vin—1) > s},
dbynkuun Qg v : Ug — Z,, 1o anajnoruu ¢ yacTHbiMu Pepma:

)\S(TrM) -1

QS,T('M (77) = 1 M

Bnech A\ (mM) — dbymkmua Kapmaiikna rpymmsr Us /Uy, paBHas 10 ompe-
JIeJIEHUIO HAauMEHbIeMy OBIeMy KPaTHOMY TOPSIJIKOB 00Pa30B 3JIEMEHTOR
n € Us B (Z,/7™M)*. Moxno mokazars, uro Ag(mM) = pl(M=s)/el ypy
M > s> p.

Teopema. Ilycemv o, € Zik \p, N € N, N > p. Ioaoorcum s =
v(a? P =D — 1), 2de t € NU{0} : ordpe(aP’ =) = p!, u nyemnv s < oo.
ITyemv maxoice g € Z, 0 < mo < pt, maxoso, wmo aro(r' 1) =
ﬂ(pf_l) mod p®. Tozda nokxasamesrvHoe cpasHeHUEe

a(on-i-yPt)(pf_l) = ﬂ(pf_l) mod IJN, yE Z’
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IKB6UBANEHTTIVHO AUHGﬂHOMy CPpaB6HEHUIO

YQy perernse (P @Y = Q) vernser (Ba™ ™)@ =) mod 7N 72, y € Z,

npuvem oaf Koaphuyuenma 8 e20 Aes0U wacmu 8epHO

V(Qs’ﬁs+efN/61 (Ozpt(pf_l))) = 0.

Linear and algebraic independence
of g-zeta values

Yuri A. Pupyrev
Moscow Lomonosov State University

E-mail: pupyrev@mi.ras.ru

We discuss linear and algebraic independence results for the g-series

Gls) =) oe1(n)g", s=12,...,
n=1

where os_1(n) =3y, ds—t.

Arithmetical applications
of the lagrangian interpolation

Tanguy Rivoal
Université Joseph Fourier, Saint-Martin-d’Héres, France

E-mail: rivoal@ujf-grenoble.fr

Gel’fond proved the transcendence of exp(7) by mean of the expansion
of the exponential function in polynomial interpolation series at the points
of wZ[i]. 1 will explain how to adapt this kind of proof to show the
irrationality of log(2), ((2) and ((3) by means of rational interpolation
series related to the Hurwitz zeta function.
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A generalization of Pdélya’s theorem

Igor P. Rochev

Moscow Lomonosov State University

A classical theorem of Pdlya states that if an entire function f(z)
satisfies f(N) C Z and f(z) = O(e?) with v < log2 then f(2) is a
polynomial. The example f(z) = 2% shows that the condition v < log2
cannot be weakened. Gel’fond initiated several generalizations of Pdlya’s
theorem; a lot of results in this direction were obtained during the last
century.

In our talk we discuss a new generalization of Pélya’s theorem. Namely,
our results (for two special cases U = N and U = Z below) may be stated
as follows.

Theorem. Let an entire function f(z) satisfy f(U) C K, where K is an
algebraic extension of Q of degree h. Assume that for n € U the estimates
of the form O(e*™) for both the denominator of f(n) and the house of
f(n) are known, where o is some positive constant. Furthermore, if f(z) =
O(eﬂZ'), where v does not exceed some positive bound depending on h and
on « (as well as on U), then f(2) is a polynomial.

We show that a possible choice of the bound for v is exp{—Aah — Bh},
where A and B are certain explicit constants. We also present some
examples illustrating exactness of our bounds for ~.

O Mmepe mpparmonajbHOCTHI log 3

Bnamucias X. Canuxosn

Bpsuckuii rocy1apCTBEHHBIN TEXHUYECKUIT YHUBEPCUTET

[Tosrygyena HOBast OIleHKa Mepbl UpparuoHaabHocTh Yuciaa log 3: u(log 3)
< 5.125. Tlpexuss onenka pu(log3d) < 8.616 mpunasexana JIx. Puny
(1986 r.).
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JnodanrtoBbl npudJnKeHus log 2
1 JPyrux JjorapmdgpmMon

Exarepuna C. CaabHIKOBa

Bpsuckuii rocy1apCcTBEHHBIN TEXHUYECKUIT YHUBEPCUTET

N3znaraercst HOBBII OAX0M, Oe3 yiydineHus: pesyiabrata E. A. Pyxamze
(1987 r.), must onerku p(log 2). aroTest OneHKY TPUOJINKEHIL:

1)

2)

gucia log 2 uncnamu 3 nons Q(v/2):

1 P1,D2 € Z’ q < N’
Q9.307’ Q = max{\p1|, |p2\, Q};

pl\/§+p2
q

‘logQ —

V5 —1

qucia log YucJIaMU U3 TIOJIS Q(\/g):
| VE—1 pivVb+ps 1
6 5 q > 010-02°

B YaCTHOCTHU, Mepa UPPAINOHAIBLHOCTU Jiorapudma “30JI0TOr0 ceve-

V5 —1
2

uunsg’ | log ) < 10.02, a TakxKe paccMaTpuBaeTCcd ero 0000-

IIICHNE;

5 )
qucja log 3: ,u(log §> < 7.214; npenpiayIast OlleHKa MepPbl UPpalli-

OHAJILHOCTH 3TOrO 4nciia 6b11a o0bsBiaena E. A. Pyxaaze (1987 r.) u

COCTaBJIsLIIA ,u(log g) < 9.012.
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Special values of some L-functions

Natarajan Saradhal
Tata Institute of Fundamental Research, Mumbai, India

E-mail: saradha@math.tifr.res.in

Let f be an algebraic valued, periodic function with period q. Let

L(87f) - Z fT(lZL)

Baker, Birch and Wirsing gave necessary conditions under which L(1, f)
does not vanish. In this talk, I shall present a variant of this result. Further,
for an integer s > 1 and f rational valued, it is shown that L(s, f) # 0
whenever s and f are of the same parity, thereby proving the transcendence
of such L(s, f).

Orbit sums method in the theory
of modular vector invariants

Sergey A. Stepanov
Institute for Problems of Information Transmission, Moscow

E-mail: sa-stepanov@iitp.ru

Let F' be a field, V an n dimensional F-vector space, G < GL,,(F},) a
finite group, and V®™ the m-fold direct sum with diagonal action of G. The
group G naturally acts on the symmetric graded algebra A,, , = F,[V®™].
Let Aﬁ’n denote the subalgebra of vector invariants of the polynomial
algebra A,, , under action of G. A classical result of Nother implies that
if char ' = 0 then A,,, is generated as an F-algebra by homogeneous
polynomials of degree at most |G|, no matter how large m is. On the other
hand, it was recently proved by D. Richman that this result does no longer
hold when the characteristic of F' divides |G| (modular case).

Let p be a prime number, F}, a finite field with p elements, H a cyclic
group of order p, and V' a linear F),-vector space of dimension n. The aim of
this talk is to demonstrate a new purely arithmetical method which gives a

IThis is a joint work with M. Ram Murty.
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possibility to determine explicitly the set of generators of All | for a series of
cyclic groups H. This result extends the corresponding results of Richman
and also a result of Campbell and Hughes concerning the case n = 2 and
p > 2. As a consequence, it is shown that if G > H is an arbitrary finite
group containing H as a subgroup then each system of generating elements
of the algebra A% . contains a generator whose degree is greater than or
equal to c¢(n,p,r) - m for all m > n, where c¢(m,p,r) is a positive constant
depending only of n, p and the number r of nontrivial Jordan’s blocks of
the matrix H.

O dopmyaax I'peropm n Iditnepa—MakjopeHa
B KJIacce MeJbIX (PyHKITIIA

C.A. Cremnn & K. M. @upcos

MockoBcKuit rocynapcTBeHHbI yHUBepcuTeT nM. M. B. JlomonocoBa

PesynbraTom paboThI siBisieTcs oOOCHOBaHUE (POPMYJT UCUUCTEHUST KO-
HeJHBIX pasHocreil ['peropu u Ditmepa—Makaopena s 1eIbIX (DYHKIHIT C
OrpaHUYEHNEM CBEpPXY Ha SKCIIOHEHIIMAJIbHBIA THUII pocTa. A MMEHHO, JIJIsI
1eabIX (QYHKITNN MOPSIJIKA POCTa €IMHUIA U TUTIA POCTa MeHbIe In 2 ycra-
HOBJIEHBI (popMmyJibl ['peropu

f'(z) = Af(z) - N‘;(z) ot (—1)"+1—An£(z) Foe,
a+n 1 n—1 1
[ 0= @+ Y ek R+ st
“ k=1
+ 2 Cu(A* f(atn) = AF f(a)),

k=2

e Af(z) = f(z+1) — f(2), a Cr, — xK03dduUImenTs! TEHIOPOBCKOrO pas-
noxenusi B Hyse dbyuknuu t/In(1 + t); dopmyna Ditnepa—Makiopena

1

a+n 1 n 1
[ f@ds =@+ Y fa+ k) + 5+ n)

>

k=2

(]

1

(S @t n) = 570 ().

S
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oboCHOBaHA I TeJAbIX (QYHKIUI MTOpAaKa 1 Tuirta MeHbIle 27, IpudeM B
PacCMOTPEHHOM KJiacce 00e yKa3aHHbIE TPAHUIBI SIBJISIOTCA TOTHBIMU.
PopMaJibHbIE CUMBOJIbHBIE MAHUIIYJIAIAN C PsIAaMU U IOy YeHHBIMH C
IIOMOIIIBIO PSAI0B (PYHKIMSIMU OT oniepaTopa auddepeHITmpoBaHus ITHPOKO
IIPUMEHSIJINCH B IEPBOM moJIoBIHE 19-10 BeKa JIsI BEIBOIA HEKOTOPBIX POP-
MYJI TEOPUHU KBaJpaTyp U mHTepuosdarun. Kiaacc pyHKIMA, 11 KOTOPHIX
IIOJIOOHBII BHIBOJI, MOXKET CUUTATHCS 3aKOHHBIM, KaK IIPABUJIO, OrPAaHTINBa-
eTcss MHOTOYJIEHAMM; JIJIsT TPOU3BOJIbHBIX Ke OecKoHedHO JauddepeHImpy-
eMbIX (DYHKIUI yKazaHHbIe (DOPMYJIbI HYKIAIOTCA B JaJIbHeieM 060CHO-
BaHuu. Tpaaniinmontasi (popMa 3amucu 3TuX (poOpPMYyJI C OCTATOUYHBIM UJIEHOM
JIaeT CJAUIIKOM OrPaHUYUTEIbHbIE YCJIOBUS CXOAUMOCTU COOTBETCTBYIOIINX

PAJIOB.

Simultaneous linear forms in logarithms and
powers of rationals

Cameron Stewart
University of Waterloo, Canada

E-mail: cstewart@math.uwaterloo.ca

In this talk we shall discuss two applications of estimates for
simultaneous linear forms in logarithms to problems concerning sets of
powers of rational numbers.

Linear forms, Diophantine equations
and finite arithmetic progressions

Robert Tijdeman
Universiteit Leiden, Nederlands

E-mail: tijdeman@math.leidenuniv.nl

This is a survey talk on developments starting with the work of Gelfond
on linear forms in two logarithms, followed by Baker’s work on linear forms
in any number of logarithms, its applications to Diophantine equations and
its entirely new applications to exponential Diophantine equations. The
last part of the talk will be devoted to some recent work on the arithmetic
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character of the product of the terms of a finite arithmetic progression. In
this work, which has its root in a result claimed by Fermat and proved
by Euler, a variety of methods, among which estimates for linear forms in
logarithms, has been combined.

O coBMecTHBIX JMO(PAHTOBBIX NPUOJIN>KEHUIX
HEKOTOPHBIX KJIACCOB YHUCeJI

Enena Bb. Tomaniesckasa

bpsarackuii rocy1apcTBEeHHBIN TeXHUIECKUN YHUBEPCUTET

[TomydeHbl OIEHKN HETPUBHAJBLHBIX JIMHEHHBIX KOMOWHAIIMI YUCEsT BU-
aa.:

1
1) A=r1log2+ rearctg = r1,72 € Q: u(A) < 4.997;

2) B= 7“17T+7’2l, r1,72 € Q: u(B) < 10.36.

V3

O JmHeliHOII HE3aBUCHUMOCTH
3HaveHnii pyukiun Jlepxa

EBrennit A. YiaHnckunii
MockoBckuit rocynapcTBennbiit yuusepcuter uM. M. B. Jlomonocosa

E-mail: ulanskiy@mail.ru

B pabore [1]| uccieyercst BOmpoc 0 KOJIM9IecTBe JIMHEHHO HE3aBUCUMBIX
qKCeJl CPe/ld 3HAYEHUI B PAIMOHAJIBHBIX TOYKAX (DYyHKIUIL

Lis(z):ZZ—s, s e N.

n>=1
OTH GYHKIINU HA3bIBAIOTCS MOJUIOTapuMaMu U SIBJASIOTCS TacTHBIM CJIy-
qaeM dynakmun Jlepxa

n

p z
Q| 2,= | = —, rne p,qe€Z,0<|p<gq, (p,q) =1
( q) Z(ner/Q)s P! (,q)

n=1

B nameit pabore nsyuaercs JuHEHAsS HE3aBUCUMOCTDH 3HAUYCHUN PYHK-
nuu Jlepxa u MoJiyueHbl CJeIyIoline Pe3yIbTaThl.
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Teopema 1. Ilyemv v € Q, 0 < v < 1,a €N, a> 2. [arsa a06020 € > 0
cyuwecmeyem yenoe wucao A(e,y) makoe, umo oas ecexr a > A(e,y) > 1

cpedu wucen
17 (I)l <77]_)>7 SRR q)a <77]_9>
q q

1—¢ .
umeemces ne menee ————— In(a) aunetino nesasucumovir Had Q.
1+ In(2)
Samevarue. B ciiyuae v = 1 oneHuBaeTcst KOJMYECTBO JIMHEHHO HE3aBUCH-
MbIX cpequ auces 1, Po(y,p/q), ..., Pu(v,0/q).

CaencrBue. /Jlaa 21000 pauuonasvrolr wucesy, v, 0 < v < 1,0 < v < 1,
nabop {Ps(y,v) : s = 1} codepotcum beckorneuno MH020 UPPAUUOHANDHDIT
wucen.

Kax cnencrBue Teopemsl 1 moydaercsd pe3yabTaT O JUHEHHON He3aBU-
cumoctu L-psanos dupuxiie.

Teopema 2. I[lycmv a = 2. Jlaa mobozo € > 0 cyuwecmeyem yeanoe “ucro
A(e) maxoe, wmo das scex a > A(e) = 1 cpedu wucea

1 w L(s,x), s$=2,...,a, X — 6ce xapaxmepv, mod q,

1—¢ .
UMEEMCA HE MeHee m In(a) aunetino nesasucumovir nad Q.
n

Crnucok Jimreparyphbl
[1] T. Rivoal, Propriétés diophantiennes de la fonction zéta de Riemann
aur entiers impairs, These de doctorat, Université de Caen, 2001.
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A refinement
of the KusSnirenko—Bernstein theorem

Patrice Philippon?
Institut de Mathématiques Géométrie et Dynamique, Paris, France

E-mail: pph@ccr. jussieu.fr

Counting isolated roots of a system of polynomials in a torus is related
to combinatorial datas attached to the system. A theorem of Kusnirenko
and Berstein shows that the number of roots (counted with multiplicities)
is bounded above by the so-called mixed-volume of the supports of the
polynomials. This upper bound is known to be exact for generic systems
with given supports. We improve on this result by introducing a refined
combinatorial description of the support of a polynomial, introducing a
generalization of the mixed-volume of convex bodies: the mixed-integral of
concave functions.

O GoabIINX 3HAYEHUSIX MOIYJIs
TPUTOHOMETPUYECKOil CyMMBI-

Gregory A. Freiman® & Alexander A. Yudin®

8Tel-Aviv University
®Vladimir State Pedagogical University

E-mail: aayudin@vgpu.vladimir.ru

ITyctrs A C Zy u

SA(CE) — Z 6271'1‘%’

acA

|A| = card A. st obpaTHBIX aJIUTHBHBIX 3aja4 Teopun duces [1], [2], [3]
U 33J1a4, KaK Telepb roBopsatr, apudmerndeckoit kombunaropuku [4], [5],
BayKHO 3HATH KaK MOIIHOCTD, TaK U aJJUTUBHYIO CTPYKTYPY MHOYXKECTBA TEX
x € Zg, misg KOTOpbIX |S4(x)| “Besuk”. st Teopun BepositHOCTEdt [6], [7],
[8] BazkHO 3HATH AJIUTUBHYIO CTPYKTYPY TE€X MHOXKECTB A, Jijisi KOTOPBIX
MHOZKECTBO

Ey(A;a) = {z :|Sa(z)] > afAl}

I This is a joint work with with Martin Sombra.
2Pab6ota BbIosHeHa Ipu (hHHAHCOBOI Homaepkke rpaaTa PODPU no. 05-01-00617.
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MMeeT, HaIlpuMep, HanOOJIBITY0 MOITHOCTh. HacTosmuit jok1a, 1 OyaeT 1mo-
CBSIIEH cienyromeit 3a1ade. Haittu

h
F(h,a) = max » _[Sa(a;)l,
ACZ, 4
7j=1
ecn st Beex j a; € B C Zg, |B| = h, a; # —aj, © # j, u onucarb

CTPYKTYPY IKCTPEMAJIHLHOIO MHOXKECTBa A.
[I'py6yto onenky qyst F'(h,a) monygaem u3 paBenctsa [lapceBasis

(NI

q. (1)

h
1 1
> ISala)l < V- [ 1Sa@)R = hE VAl AT AP < 5 -
Jj=1

x#0

EcrecTBeHHO BO3HMKaeT BOIIPOC, HACKOJIBKO TOYHO 9TO HepaseHCTBO. Kak
MoxkHO BuzeTh (en. [9]), F(1,q) ~ 1¢. Dxrcrpemanbaoe MHOXKeCTBO — 310
apudmernyeckas nporpeccust Juunbl ¢/2. Tak uro npu h = 1 HepaBeH-
crBo (1) me Tak y) u “rpy6o”. Ilpu h = 2 KOBOJIBHO CJIOKHBIE BBIKJIA K
IIOKA3bIBAIOT, YTO

3v/3 .

A7

apudMeTuIecKas IPOrPecCrs NMeeT Pa3MEePHOCTD 2, a SKCTPEMAaJIbHOE MHO-
JKECTBO €CTb apudMeTnyecKasi IIPOrPeccust JIJINHbL ¢/3; B IIPOTUBHOM CJIy-
qae

F(2,q) =

F(2,9) ~ %q,
9KCTpeMaJIbHOe MHOXKECTBO A B 3TOM cjiydae ecTh f-m3oMopdHBIi 0bOpas3
muoxkectsa K/ = {K NZ2}, rne K — Bbinykjoe MHOXKeCTBO, a card K/ =
q/2+ o(1).
B mesom oTBer maer

Teopema. Ilpu h < loglogq

h
N o— o p1/2 1/2
glcagl‘llsA(ag)l c-h''%-q+o(qg'?),
J:

axcmpemanvroe mrootcecmso A, f-uzomopdrud obpaz mmoorcecmea K' =
{KNZ}, 2de K — sunyxaoe mnoscecmeo u card K' = q/2 + o(\/q).
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Exponential Diophantine equations and linear
forms in p-adic logarithms

Noriko Hirata-Kohno
Nihon University, Tokyo, Japan

E-mail: subspace@mail.hinocatv.ne. jp

We first recall effective Diophantine approximations due to Gel’fond
around linear forms in p-adic logarithms and several applications.

We then consider the following equation. Let A, B,C' be rationals
with ABC' # 0 and aq,as9,...,a;, by,ba, ..., by, c1,C2,...,c, be rational
integers. Suppose the 3 numbers aias---a;, bibs---b,,, cico---c, are
relatively coprime. Consider

AaTra3? - -at + Bb{ b7 - b + Ceiteq? - er =0
where x1,%9,...,21, Y1,Y2,---,Ym, 21,%22,...,2, are viewed as integer
unknowns.
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Gel’fond proved that this equation has only finitely many solutions
with an implicit effective upper bound for the height of solutions. We
discuss an alternative approach to determine such a bound. We present
a result concerning with a system of congruence from which we deduce this
finiteness. We also deal with general result and functional cases.

On a measure of algebraic independence
of values of sn(z)

Yaroslav M. Kholyavka

I. Franko National University, Lviv, Ukraine

Let sn(z) be the Jacobi elliptic function, s an algebraic number
(3¢ # 0;1); let aq,...,a, be algebraic numbers linearly independent over
Q and f4,..., Bk numbers such that sn(ay),...,sn(a,) are algebraic over
Q(B1,...,Pk). Then for any polynomial A € Z[zq,...,xx], A #Z 0, whose
degree does not exceed D and the absolute value of its coefficients does not
exceed H, the inequality

|A(B1, ..., Bk)| = H—P"

holds, where H and D are positive numbers such that
Inln H > c;D*In(D+1), D>1,

and cy, co are positive constants depending only on s and on aq, ..., ag.
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Powers of roots in QQ-linear subspaces
of the field of algebraic numbers

Andrzej Schinzel!

Institute of Mathematics, Warsaw, Poland

E-mail: a.schinzel@impan.gov.pl

The following theorem is proved. Let w be a root of a rational number,
n the least positive integer such that w™ = [/m, [, m integers and V a
Q-linear subspace of dimension r of Q(w). Then the number of integers j
such that 1 < j < n and w’ is in V does not exceed

92¢C . |im|
p(|lm])

(24 logr),

where C' is Euler’s constant. The bound is independent of n.

On sets of large exponential sums*

[lya D. Shkredov

Moscow State University, Russia

E-mail: ishkredov@rambler.ru

Let A be a set of residue classes modulo a positive integer N, and let
a € (0,1) . What is the structure of the set R,(A) of those elements
u € Zp such that the Fourier transform g(u) of the set A at u satisfies
|A(u)] > «|A|? Results in this direction were obtained by Freiman and
Yudin in the seventies, Besser in 1999, Lev in 2002 and Green in 2004.
Another important result was obtained by Chang who has applied it to
sharpen the well-known theorem of Freiman on the structure of sets with
small sumset. Recently, the author proved, in particular, that the equation
71 +1r9 = r3+7r4 has at least | R (A4)]*¢ solutions in r1, 72, 73,74 € Re(4),
for a fixed absolute constant € > 0. We are going to discuss some of the
generalizations and applications of our results.

I This is a joint work with W. M. Schmidt.
2This work was supported by RFFI grant no. 06-01-00383, by President’s of Russian
Federation grant no. 1726.2006.1, and by INTAS grant no. 03-51-5-70.
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Heomnopoaubie nuodaHTOBbI NIPUOJINXKEHNUA 1
pacipeejaeHue IPOOHBIX HoJieii'

Anton V. Shutov
Vladimir State Pedagogical University, Russia

[Tycrs o mpparnmonanbuo, I C (0;1) — mekoropsiit unrepsad, |I| = (.
Yepes (z) OygeMm 0603HAUATH JIPOOHYIO J10JTI0 uncia x. IlycTsb

N(a,n, ) =#{k:1<k<n:(ka) eI}

— vucso Touek Buga (ka), 1 < k < n, nonasmux B uarepsas I. Paccmor-
pum Besmmauny (o, n, I) = |N(a,n, I)—n[3| — ocrarodnblii 4eH mpodIeMbl
pacrpeiesennst JpOOHBIX TOJIeit.

B macrosimee Bpemsi nostydenbl 1| 6mM3Kue K ONTUMAJbHBIM OINEHKH
Besmanabl A, (a) = sup; r(a,n, I). B To x&e Bpems: 06 ocratkax r(a,n,I)
Ha KOHKDETHBIX MHTepBajax | MouTH HUYero He u3BecTHO. VIcKiroueHuem
SIBJISIETCsI CJIydaii MHTEPBAJIOB OIPAHUIEHHOTO OCTaTKa [2].

Hawmu mostygenst onenku Jyist r(c, n, ) B cilydae MpOU3BOJIBHOTO UHTED-
BaJia | U MPPAIMOHAIBLHOCTEH C OrPDAHUYEHHBIMU HEMOJHBIMU YaCTHBIMU
pa3JIOKEHNs B IENHYT0 Apo0b. /JoKazaTebcTBO OCHOBAHO Ha AIIIPOKCHMA~
IIIM TIPOU3BOJILHOTO MHTEpBaJa | WHTepBAIaMU OIPAHIMIEHHOTO OCTATKA.

OmupesiesiuM  OCJIEI0BATEILHOCTD HAMIYYIINX -TIPUOIVKEHUH K (3

A,p(0) =0,
Aap(m +1) = min{k € N : [[ka = ]| < [|Aap(m)a — S]]}

CKOpOCTh IPHOJINIKEHNST OIMCBIBAETCS BEJIMIUHON an3(n) = min{m
Anp(m) > n}.

Teopema. Ilycmo 6ce HENOAHDIE YACTNVHDBLE PABAOHCEHUA (X 8 UENHYI OPOOD
menvwe K. Toeda

r(a,n,I) < (K +2)ans(n) + K + 1.

CaencrBue 1. Ilycmov 6ce nenoamvie 4acmubie padaodcerus o 6 UenHylo
dpobv ozpanuvenv.. Toeda r(c,n,I) = O(aqas(n)).

CaencrBue 2. ITycmb 6ce HENOANDLE UACTNHBLE DASAONCEHUS O 6 UETHYIO
Opobv oeparuvens. Tozda das awbot pynrkyuu f(n) makod, wmo f(n) —
00 npu n — 00 cywecmeyem urmepean I, das xkomopozo r(a,n,I) — oo
npun — oo ur(a,n,I)=o(f(n)).

I PaGora BeImoTHEHA IpU duHAHCOBON nogaep:kke PODU, rpant no. 05-01-00435.
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BymyT Tak:ke paccCMOTpPeHBI aHAJIOTH ITUX PE3YJIbTATOB JIjIsl WPPAIlH-
OHAJBHOCTE! ¢ HEOTDAHWYEHHBIMU HEIIOJHBIMU YaCTHBIMHU Pa3JIOKEHUS B
IETTHYIO JIPO0b.
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Algebraic relations for reciprocal sums
of Fibonacci numbers

Carsten Elsner’ & Shun Shimomura! & Iekata Shiokawal!

$University of Applied Sciences, Hannover, Germany
“Keio University, Yokohama, Japan

E-mail: shiokawa@beige.ocn.ne. jp

Let {F,}n>0 and {L,}n>0 be Fibonacci numbers and Lucas numbers

defined by

Fo=0, F1=1, Fn—|—2:Fn—|—1+Fn (n
Lo=2, Li=1, Lpyo=Lyy1+Ln, (n

0),

>
> 0).

Duverney, Ke. Nishioka, Ku. Nishioka, and the third-named author [1]
proved the transcendence of the numbers

<1 <1 <1 <1
b ) ) :]‘72737"‘

by using Nesterenko’s theorem [4] on Ramanujan functions P(q), Q(q), and

R(q).
Let us set

CF(3)3:Z% (s=1,2,3,...).
n=1""1

In [2], we proved that the values (r(2), (r(4), (r(6) are algebraically
independent, and that for any integer s > 4,

CF(QS) - 58_2TSCF(4) € Q(U, U)? u = CF(2)7 U= CF(G)
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with some r; € Q (rs = 0 if and only if s is odd), where the rational
function of v and v is explicit; for example,

15 1
r(8) = zor() = 378(4u + 5)

— 11100w? + 20160uv — 10125u* + 7560uv + 3136v* — 10500).

(256u° — 3456u° 4 2880u* + 1792u>v

Similar results were obtained for

Z (_1)n—|—1Fn—25’ Z L7_1287 and Z (_1)n+1L;23'
n=1 n=1 n=1

In this talk, we discuss the algebraic independence and algebraic
relations for reciprocal sums of odd type:

=1 01 2 (—1)nH
DL RCT i Y i Ve
n=1 Fon—1 7 1 Lon—1
(s=1,2,3,...).
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